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SEMI-CALABI-YAU VARIETIES AND MIRROR PAIRS 


ALESSANDRO CHIODO, ELANA KALASHNIKOV, AND DAVIDE CESARE VENIANI 

Abstract. We prove cohomological mirror duality for varieties of Borcea-Voisin type in any 
dimension. Our proof applies to all examples which can be constructed through Berglund- 
Hiibsch duality. Our method is a variant of the Landau-Ginzburg model and of the Landau- 
Ginzburg/Calabi-Yau correspondence which allows us to prove the classical cohomological 
mirror symmetry statement for an orbifold version of the ramification locus of the anti- 
symplectic involution. These ramification loci mirroring each other are beyond the Galabi- 
Yau category and feature sextic curves in P^, octic surfaces in P®, degree-10 three-folds in 
P”*, etc. 


1. Introduction 

Mirror pairs (A, X') of smooth projective D-dimensional varieties satisfying 
(1) C) = C) 

constitute some of the most influential and inspirational mathematical phenomena deriving 
from physics. Since the origin of mirror symmetry, in the early 1990s, Calabi~Yau varieties 
or orbifolds played a special role: a wide range of constructions of pairs X and X' of Calabi- 
Yau type were put forward by both physicists and mathematicians and the equation ([T]) was 
established at least in terms of Chen-Ruan orbifold cohomology. (This implies the identity in 
ordinary cohomology for crepant resolutions whenever they exist.) In [22], Givental extended 
mirror symmetry from Calabi-Yau varieties to Fano varieties; there, however, the duality 
becomes asymmetric: a Fano X is mirror dual to an object of the form 

W:U ^C, 

a regular complex-valued function on a quasi-projective variety usually referred to as the 
Landau-Ginzburg model. The main invariant attached to it is the Jacobi ring. It is sometimes 
possible to go back from a Landau-Ginzburg model to the cohomology of an ordinary variety 
(or orbifold). For instance, in [23], Gross, Katzarkov and Ruddat describe mirror symmetry 
for some cases of general type varieties A: there, the mirror X' needs to be equipped with 
a sheaf of vanishing cycles and the main invariant is a Hodge filtration of hyper cohomology 
groups. 

In this paper we show that the same classical mirror symmetry duality m applies in 
a range of cases lying beyond the category of Galabi-Yau varieties. The construction is 
strikingly simple and it is formulated here by adapting Berglund-Hiibsch duality [5]. The 
prototype example are smooth hypersurfaces A of degree d within p 2 d-i. analogues are 
degree-d hypersurfaces in P(tci,... ,Wn) where the weighted number Wj of homogeneous 
coordinates is one half of the degree d. We will refer to them as ^/ 2 -Calahi-Yau and they will 
be shown to admit a mirror partner X' of the same kind satisfying the original classical mirror 
symmetry duality ([T]). In general A and X' may be disconnected but possess a distinguished 
component of dimension D. 
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The earliest examples of these Y 2 -Calabi-Yau mirror pairs are actually well known and 
widely studied curves appearing in the context of mirror symmetry of K3 surfaces with lattice 
polarisation. Let S and S' be two K3 surfaces with anti-symplectic involutions a and a'; we 
assume that (S, a) and (S, cr') mirror each other in the sense of mirror symmetry with lattice 
polarisation (for which we provide a short discussion in the appendix). The cr-fixed locus X 
and the s'-fixed locus X' are two disjoint unions of curves whose number of components, i.e. 
h^’^, and whose total genus, i.e. are interchanged; in other words X and X' satisfy © 
for D = 1. 

In the literature, much attention was devoted to a special case of this phenomenon but from 
a slightly different point of view: Borcea-Voisin mirror symmetry. There, out of (5 ],cj) and 
and for any elliptic curve E with its hyperelliptic involution l, we can produce some 
of the earliest mirror pairs of Calabi-Yau three-folds satisfying ([1]); the crepant resolutions of 
(TiX E)/(a X l) and (S' x E)/{a' x l'). These Borcea-Voisin mirror pairs were systematically 
studied. In some cases, these mirror three-folds, after resolution, feature among better known 
constructions of mirror hyper surfaces. In a wide range of cases they can be treated systemat¬ 
ically in toric geometry (see Borcea m)- The proof of the statement follows from Nikulin’s 
classification, lattice mirror symmetry for K3 surfaces, Dolgachev [19] and Voisin |36j . 

Berglund-Hiibsch duality, however, produces a number of examples of explicit and poten¬ 
tially different mirror symmetry statements. Their study could only be treated by explicit 
case-by-case analysis. This happens because the crepant resolution X and X' are often em¬ 
bedded into non-Gorenstein ambient spaces, which prevents us from applying straight away 
Borisov-Batyrev [^ polar duality for reflexive polytopes. 

Then, the only viable approach appeared to be the explicit resolutions of the expressions 
appearing in Nikulin’s explicit list of the 79 surfaces of type K3 with anti-simplectic involu¬ 
tions. This programme was recently carried out completely in a series of papers by Artebani, 
Boissiere and Sarti EE]. This is a difficult and often spectacular check of mirror symmetry, 
but it is hard to imagine how a thorough treatment could be provided without discussing 
only the most representative examples and without referring to several computer-based com¬ 
putations. Most importantly, the lack of a conceptual, unified approach prevents us from 
generalising the statement to higher-dimensions and other group quotients (indeed, Com- 
parin, Lyons, Priddis and Suggs made progress based on explicit resolutions in the direction 
of other cyclic non-symplectic actions m)- 

It is interesting to notice that Borcea himself started straight away testing higher dimen¬ 
sional mirror pairs of the form [(S x T)/{a x ??)] and [(S' x T')/{a' x ??')] with S and T 
Calabi-Yau of any dimensions, |10l §10]. Berglund-Hiibsch construction, which also ap¬ 
peared in the 1990s, provided at that time many open examples of this kind to compute. 
A few have been tested explicitly, see for instance [3I1191 la IS]. The resolutions of the 
quotients (S x r)/(cr x i9) have been systematically studied in the algebraic setup by Cynk 
and Hulek m- In 2013, Camere [12] has defined lattice polarised mirror symmetry in higher 
dimension with explicit results in the case of for Hilb^(S) for S of K3 type (see also Boissiere, 
Camere, and Sarti 0). 

We prove the mirror duality ([I]) between [(S xT)/{a x r?)] and [(S' x T')/{a' x -d')] in any 
dimension. To this effect we use mirror pairs of 1 / 2 -Calabi-Yau {X,X') and (Y, Y'), where X 
and Y occur essentially as the branch locus within two weighted projective spaces P(t>) and 
¥{w) covered by S —)• P(t;) and T —>■ P(t«). The precise setup and definition of X is given in 
0 but the prototype of these y 2 -Calabi-Yau orbifolds are the sextic curve A® C or the 
octic surface A® C P^ where a two-sheeted K3 covering of P^ and a two-sheeted Calabi-Yau 
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covering of are respectively branched. In Theorem Ea we get 
(2) 

where D is the maximum of the dimensions of the connected components of X and X'. Further 
to ([2]) we prove some related correspondences of mirror type involving the anti-symplectic 
involution. As a corollary we get the mirror statement relating the two Calabi-Yau orbifolds 
[S X T/(cj X "d)] and [S' x T'/(cj' x d')]. This statement is extremely elementary and can be 
reproduced here below in full. 

Setup. For n > 2, write S for an orbifold given by modding out a smooth Calabi-Yau 
hypersurface V{f) within P(uo,ui,... ,Vn) by a finite abelian group G. The hypersurface is 
defined by a polynomial of the form / = Xq + ^ 17=1 0^=1 quasi-homogenous for a unique 
choice of weights uq, ui,..., The group G is formed by diagonal symmetries of / lying in 
SL(C; n+1) and containing the monodromy operator attached to /: —>■ C (a fibration off 

the origin). Notice that u: S ^ S given by changing the sign of xq and fixing the remaining 
co-ordinates is an anti-symplectic involution. We get in this way an action og : G —>■ Aut V(v) 
and the orbifold S is precisely dehned as the quotient stack \V{v)/G] where G = G/kerac- 
The data for T is completely analogous, and denoted using: {gf = 0} C P(tci,..., Wm) with 
//-action and faithful //-action leading to T = [{g = 0}///]. 

Mirrors. The mirror of S is a Calabi-Yau S' of the same form as S': a hypersurface modulo a 
group of diagonal symmetries. The hypersurface is defined by a transposition of the exponents: 
namely, the vanishing locus of /' = Xq -|- within P(xq + v'l,..., v'^). The group G' 

is defined by the standard Cartier duality: G is injected via ic into the finite group of all 
diagonal symmetries of / and G' is the kernel of the Catier dual of ic- For n > 2, S' is 
Calabi-Yau because S is. 

We can repeat the same construction for T ; we get {g' = 0} C P(rc']^,. .., w',^) with //'-action 
and T' = [{g' = 0}/// ]. The following theorem is a consequence of Corollary 1221 

Theorem. The Chen-Ruan orbifold cohomology of the (n + m — 2)-dimensional quotient 
stacks V = [(S xT)/{a X ■!?)] and V' = [(S' x x ■(?')] satisfy 

//g’|(Y;C) ^ //c+'""^’''(F';C). 

Furthermore, forn,m > 2, whenever the coarse spaces ofV and V' admit crepant resolutions 
we obtain two n -\- m — 2 dimensional Calabi-Yau manifolds V and V satisfying 

//P’9(F;C) ^ 


Landau—Ginzburg models of 1/2-Calabi—Yau. Landau-Ginzburg (LG) models play the 
role of vehicle between the geometric mirror duals. We already mentioned them in the above 
discussion as mirror partners of Fano varieties. But in recent years they have been treated as 
independent objects deserving a fully developed mathematical theory analogous to cohomol¬ 
ogy and quantum cohomology of projective varieties (we refer to FJR theory m)- This led 
to LG-to-LG mirror symmetry relating LG models with each other. In purely cohomological 
terms this statement was proven by Krawitz m and Borisov m and matches for instance 
the bi-graded G-orbifolded Jacobi ring Jaccif) in the above setup with JacG'(/0 (see 115.2p : 
(p, gj-classes are mapped to {n — 1 — p, g)-classes; we summarize the statement in Theorem 
[25] and we insist on its generality: no Galabi-Yau condition is involved. 
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Then, Chiodo-Ruan state correspondence is used to connect the LG model /: [C^/G] ^ C 
to [{/ = 0}/G]. In this way we can translate LG-to-LG mirror symmetry backwards into 
mirror symmetry of projective varieties. Unfortunately, this requires a restrictive Calabi- 
Yau condition. This explains the special role of Calabi-Yau in mirror symmetry from the 
present point of view. As it was noted at the time of its proof, the state correspondence is 
slightly more general than physicists predicted: {/ = 0} is assumed to be a Galabi-Yau, but 
no Galabi-Yau condition such as G C SL(C; n) imposed on the symmetry group (see [TTl 
Rem. 1]). This left some reasonable hope that more geometric consequences could be derived 
from LG-to-LG mirror symmetry. 

In view of 1 / 2 -Galabi-Yau mirror symmetry, the crucial idea is to consider slight general¬ 
izations of the usual state spaces JacG(/) := where is the restriction to 

the state space. Namely, on the one hand we consider G extended by a, exploiting the above 
observation that the symmetry group does not need to lie in SL. On the other hand, we do 
not extract G[<T]-invariant forms {Jac , but rather include all G invariant forms. We 

write for the new state space with G as above and S = G[a]\ the new LG model (see 

Theorem [25]) invariant has a mirror statement of the form 

mirrors 

with S' and G' dehned via Gartier duality as above. The left hand side is proven to encode 
all the relevant cohomological information of a Y 2 -Galabi-Yau model X attached to / and G, 
while the right hand side (after applying Proposition [TT] and Lemma [3T]l is proven to encode 
the analogous information for the mirror Y 2 -Galabi"Yau model X' attached to f and G' 
(see 1|3|) . The mirror symmetry Theorem [T3 is indeed stronger than the usual theorem for 
Galabi-Yau and we deduce the theorem stated above. 

Structure of the text. Section 2 establishes the terminology (see in particular Ghen-Ruan 
orbifold cohomology and slight variants of it). Section 3 dehnes the setup of Y 2 -Galabi- 
Yau models. Section 4 provides the Y 2 -Galabi-Yau mirror symmetry statement, the proof 
is deferred to the next section, but we deduce from this statement the ordinary Galabi- 
Yau mirror theorem stated above. Section 5 proves mirror symmetry for Y2-Galabi-Yau pairs 
using slight modifications of LG models. The appendix provides a brief presentation of mirror 
symmetry of lattice polarised K3 surfaces. 


Aknowledgements. We are grateful to Alfio Ragusa, Francesco Russo and Giuseppe Zap- 
pala for organising Pragmatic 2015. This work started there, as a preliminary to a project 
aiming at computing Gromov-Witten invariants of Borcea-Voisin three-folds and of their LG 
models beyond convex cases. It actually turned out to be interesting in its own right. We are 
grateful to Alessandra Sarti and Glaire Voisin for their advice. 


2. Terminology 

2.1. Conventions. In this paper all schemes and algebraic spaces are assumed to be of hnite 
type over the complex numbers C. All algebraic groups are linear groups, i.e. they are 
isomorphic to closed subgroups of GL(n; C) for some n. We systematically write Gm for the 
multiplicative group C C. In fact, almost all algebraic groups used here are subgroups of 
a torus (Gm)” for some n. 
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2.2. Finite order diagonal actions. We often deal with diagonal matrices of finite order 
on the complex numbers. The entries aj along the diagonal are necessarily Dth roots of unity 
aj € Hd for some D; we write 

(3) ^GL{m;C), 

or simply (^,..., ^), for the symmetry acting on the jth co-ordinate as aj = exp{27r±pi/D). 
This is a good spot to define the age of the symmetry ^{pi, ■ ■ ■ ,Pm)- 

Definition 1. The age of ^{pi, ■ ■ ■ ,Pm) is defined as 

■ ■ ■ ,Pm)) = 'Ej ^ for pj £ {0,D - 1}. 

For any polynomial P in m variables and for any 7 = ^{pi, ■ ■ ■ ,Pm) acting on the domain 
of P, we denote by {P)-y the restriction to the fixed space spanned by the fixed variables 

Xj I = Xj. We often use the set of labels of the fixed variables, and we denote it by 

F-y = {j I 7*Xj = Xj}. 

2.3. The stacks we consider and their inertia stacks. The geometric objects studied in 
this paper are Deligne-Mumford stacks of the form 

X = [U/G], 

where G is an abelian linear algebraic group as above, 17 is a smooth scheme and G acts 
properly on U (the map G x U U x U, {g,x) ^ {x, g ■ x) is proper). 

In general, the inertia group scheme of X is given by Ix ■= X XxxX When we consider 
X of the form [U/G] we simply get the quotient stack 

Ix = [Iu{G)/G], where Iu{G) = {{x,g) g ■x = x}. 

Note that, since the G-action is proper, the projection Iu{G) U is finite. 

In most cases we actually work in the following setup 

X = [U/SG^] 

where 17 is a smooth variety V{f) C C"" \0 for some weighted homogeneous polynomial / 
of degree d and of weights wi,... ,Wn in n variables, 5 is a finite group of diagonal actions 
preserving /, and, finally, Gm acts on C" with weights wi,... ,Wn. Then, the inertia stack 
can be explicitly presented as 

IlU/SG^]= U l^/SGm]y= [J [Vif^)/SGm], 

yeSG m 7 GSG m 

where V(fj} is an affine hypersurface in and should obviously regarded as the empty 

set if 7 fixes only the origin. The inertia group scheme IsGm(G} mentioned above is 

IsG^{U)= □ F(^), 

'yGSGrn 

it is interesting in its own right (see for instance ED]), and it plays a role in the proof of 
Theorem [T71 
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2.4. Orbifold cohomology and Chen Ruan cohomology. If we ignore the grading, 
Chen-Ruan cohomology of X is simply the cohomology of the inertia stack Ix- Notice that 
the only group elements 7 fixing a nonempty set in U are finite order representations of the 
tangent space at the fixed point. Therefore, using the convention established above, we have 
7 = -p(pi,... ,pn) for some indices D,pi and for some re. In all the above situations, the stack 
X is smooth and its tangent bundle pulls back to the inertia stack via the forgetful morphism 
p: —>■ X. There, at each point, the element 7 may be regarded as a finite-order represen¬ 
tation of the (re — l)-dimensional fibre of Tx which can be written as 7 = ^{pi, • ■ • ,Pn-i)- 
The age a( 7 ) of this representation is constant on each connected component and in this case 
depends only on 7 . We now set Chen-Ruan orbifold cohomology, which is the cohomology of 
the inertia stack after a degree-shift, 

Rg’|([C//5G™];C) := 0 C). 

'yGHGm 

Notice also that each summand is the ordinary cohomology of a finite group quotient by 
H of the projective variety Vif-y)/Gm defined within the weighted projective subspace 

P(u;j I j € Ty) = P(lUy) 

whose co-ordinates are labelled by Ty = {j \ 'y*Xj = xj}. 

In the present situation, we can also consider a more general object than R^’^([f7/S'Gm]; C). 
For any group of finite-order diagonal symmetries K we can consider 

K;li[U/Gm],S,K;C) := 0 

'y^SGm 

where a( 7 ) is the age of the representation of 7 € SGm on the tangent bundle of [U/Gm]- 
This is a natural object to consider; it arises naturally in several mirror symmetry contests 
and appears already in the literature: for instance, in the Gromov-Witten theory and Fan- 
Jarvis-Ruan theory of maximally invariant (Aut(VF)-invariant) cohomology classes. We refer 
to Theorem 1281 for a statement involving 

Remark 2. We remark that the bi-grading of an element is, by definition, the sum of the 
(possibly non-integer) term (a( 7 ),a( 7 )) and the integer bi-grading of a cohomology classes in 
the projective variety {/y = 0 }/Gm- 

Remark 3. This bi-grading of Chen-Ruan and orbifold cohomology is integer as soon as 
S G SL(re;C). 

Remark 4. Notice that 7 is an (re — l)-dimensional representation because 7 acts on the fibre 
of the tangent bundle T of the hypersurface of P(tu) defined by /. We remark that the action 
of 7 extends to the re-dimensional fibre of the tangent bundle of P(t«). The two finite order 
representations are related by the following formula 

a( 7 : T ^ T) = a{'j: Tp(„) —rp(u,)) — a( 7 : N —)• N), 

where N is the normal bundle of X within P(u;). If we assume that the defining polynomial / 
has degree d, then 7 = (/iiA'^b • • • > hnX^") € SGm acts as on the normal line. The reader 
may refer to m Lem. 22] for an explicit treatment in this special case. 
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3. Semi-CalabI"Yau varieties 

3.1. The defining eqnation. We consider the weighted projective hypersurface defined by 
the vanishing locus of 

n n 

(4) w(xi,...,x„)= 

i=l j=l 

a quasi-homogeneous polynomial of weights wi,... ,Wn and degree d. We assume that the 
matrix M = {rriij) admits an inverse M~^ = which uniquely determines Qi = ^ = 

We assume non-degeneracy for W; i.e. regarded as a complex valued function, 
it satisfies dxjW{x) = 0 Vj only at a; = 0. The above conditions characterise a so-called 
invertible polynomial. 

In view of mirror symmetry, the crucial extra-condition imposed to W is the ^/ 2 -Calabi-Yau 
condition 

(5) 2Y^Wj = d, 

3 

or, equivalently, that the sum of the entries of M~^ is 

Remark 5. Notice that the data (lui,..., Wn', d) are uniquely determined as soon as we reduce 
these indices so that gcd(tu) = 1 (note that gcd(tu) = gcd{w,d) by the 1 / 2 -CY condition). 

3.2. The Calabi—Yau Yw. From the point of view of mirror symmetry, the defining property 
for a Calabi-Yau is the condition that the canonical bundle to is trivial. Abusing the standard 
terminology, we will say that a Deligne-Mumford stack is Calabi-Yau if to is trivial. 

Clearly, the hypersurface defined by W is a smooth sub-stack of P(w;) but it is not of 
Calabi-Yau type. There is an obvious remedy which is to consider the two-folded cover of 
P(tu) 

Ely := {xq -b VF} C P(f,tCl, ...,Wn) 

which has trivial canonical bundle. It is well known that this Calabi-Yau admits a mirror 

via the standard Berglund-Hiibsch construction. 

3.3. The involution a. In general, it is important to study Ew along with the involution 

a: Ew —^ Ew 

(xo, Xl, . . . , X„) l-A (-X0, XI, . . . , Xn) 

and the fixed locus of a. Notice, that a point x is fixed by a if a{x) equals x up to the G^- 
action of weights ... ,Wn) that define the ambient space of Ew (this is another way to 

say that automorphisms of a stack should be considered up to natural transformations). We 
provide a non-trivial example. 

Example 6 . Consider the degree 18 polynomial W = xfxs -|- X 3 X 1 -|- x® whose variables have 
weights 4,3, and 2. In this case, the stack Ew = {xq -b xfxs -b X 3 X 1 -b x® = 0} C P(9,4,3, 2) 
has trivial canonical bundle and the action by a clearly fixes the curve {xfxs -bx^xi -bx® = 0} 
within the linear sub-space {xq = 0} = P(4,3, 2) C P(9,4,3, 2). It is crucial, however, to notice 
that a fixes also {x 2 = 0}; indeed if we compose a with with the weighted (9,4, 3, 2)-action 
of A = —I we get a diagonal action fixing every variable except X 2 , whose sign is changed. 
As a result, the fixed locus is in general larger than {W = 0} cP(ui). In this example one 
can show that it is connected but not irreducible; as we shall illustrate further in Example [9] 
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the fixed locus is not even smooth: the curve {xq = 0 , xfxs + x\xi + x® = 0 } and the curve 
{x 2 = 0, Xg + x|x 3 + X 3 X 1 = 0} intersect at 5 points. 

3.4. The 1 / 2 -Calabi—Yau Xy^. There is a very natural, smooth, geometric object overlying 
the branch locus. We consider 

(6) Xiv := y {{xl + W)^^ = Q] ^ y 

AgG m AgG m 

where P(^, rci,..., Wn)a\ is the linear sub-space whose homogeneous co-ordinates are fixed by 
cjA and {(xq -|- = 0} is its hypersurface defined by such crA-fixed co-ordinates. 

The stack-theoretic quotient by a and the image to ... ,Wn) via the morphism 

forgetting A G Gm yield the branch locus of the stack-theoretic quotient T,yy [Sw/< 7 ]. The 
stack X\Y is the new geometric object defined by W: we refer to it as a V 2 -Calabi-Yau because 
of the condition ([5]) and we provide a cohomological mirror to it (Theorem I17p . Notice that 
the pullback of yields a coherent locally free sheaf on [Xyr /a]. In this way, just as for 

the inertia stack, each point coupled with A G Gm is attached to a finite order representation 
of the hbre of i.e. the action of A G Gm- Since the age a((TA) is locally constant, 

it depends only on the connected component and ultimately only on A (see for instance IS]). 
We consider the cohomology groups 

(7) HP’^{Xw;C) := 0 + = 

where (^) denotes an overall shift {p,q) !-->■ [p — — ^). We also consider the cj-invariant 

and the c-anti-invariant parts 

( 8 ) m^'^iXw-, C)+ and Hl'%Xw]C)- C HP’^{Xw;C). 

Proposition 7. The bi-gradings of Ha*{Xyy]C), Ha*{X\ y-,C)^ and Hp*{Xyy]C)j^ take val¬ 
ues in Z X Z and we have 

Hp<i{Xw-,C)+ = 

Proof. The coarse space of the stack Xyy is a disjoint union of projective varieties with finite 
quotient singularities. The grading of the Hodge decomposition of such cohomology groups 
takes values in Z x Z. The age shifts a(crA) lie in ^ Z because T,w is Calabi-Yau, hence a(A) 
is in Z, and a is anti-symplectic. Finally, notice that the u-invariant parts of each summand of 
([7|) is precisely the contribution to the Chen-Ruan cohomology of [Sw/o"] attached to group 
elements of the form crA. As argued above, these are the only group elements whose age is 
not integer and lies in ^ Z. □ 

Theorem M relates, via the usual mirror symmetry right-angle rotation, the above coho¬ 
mology groups to the same cohomology groups of another analogous Y 2 -CY. This happens 
via a straightforward generalisation of Berghmd-Hiibsch construction. Before finishing this 
section, we would like to illustrate by some examples the above setup. 

3.5. Some examples. The following examples illustrate the above construction in two op¬ 
posite situations. In Example (H Xw the hypersurface {W = 0} within P(to), therefore, we 
can set a relation between 77*-cohomology and the standard cohomology of {W = 0}. Ex¬ 
ample [9] is the continuation of Example [H we see that Xyy can be much larger stack than 
the hypersurface {W = 0} within P(u;); indeed, the latter is always contained as a distin¬ 
guished top-dimensional component. In this example it is interesting to point out that the 


-ff*-cohomology is still related to the standard cohomology of the fixed locus of a crepant 
resolution of T,]y, see Remark fTOl The Hodge diamonds below are calculated using Steen- 
brink theorem relating the Jacobi ring to the primitive of hypersurfaces in weighted projective 
varieties. 

Example 8 . For any positive integer n, consider 

VF(xi,X 2, . . . ,Xn) + -h 

This is a somewhat ideal case. The locus is a smooth (n — l)-dimensional CY vari¬ 
ety. The Hodge diamond vanishes except for = l(0<p<n — 1) and the n-tuple 
(^n- 1 , 0 ^ ^n- 2 , 1 ^ _ _ _ ^ ^ _ 1 ^ 2 , 3 , 4 , 5 we have ^_ ^ 2 )^ 

(1,1), (1,20,1), (1,149,149,1), (1,976,3952,976,1). We now consider Yw, which in all these 
cases can be immediately seen to equal {W = 0} C P(r/;) and to coincide with the u-fixed 
locus. Then, since the 77^’*-cohomology is nothing but the twisted sector of the orbifold 
Chen-Ruan cohomology Hq^{[E/ a];C) up to an overall shift by a(cT) = |, we have 

The Hodge diamond of (both a and standard) cohomology of Xw vanishes except for = 
1 (0 < p < n — 2) and the n — 1-tuple ,... For n = 1 there is no 

non-vanishing entry, whereas for n = 2,3,4,5 the last string reads (4), (10,10), (35,232,35), 
and (126,2826,2826,126). 

Summarizing, we have the following four Hodge diamonds of inside which we have 
pictured the Hodge diamonds of X\y after an overall (^, |)-shift which allows to identify with 
a single rotation the two Hodge diamonds and the mirror Hodge diamond. 
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We refer to Example [20] for the respective mirror Hodge diamonds. Note that the case n = 5 
provides a first example of 1 / 2 -Calabi-Yau three-fold. 

In view of a comparison with the mirror we point out that the cj-invariant part reduces 
to the ambient cohomology and, to the entire cohomology group Ha’*{X\ y;C)] we record the 
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Hodge numbers in view of Example [20] which will show the mirror Hodge diamonds. The 
cr-invariant part has the following Hodge diamonds: 
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while the d-anti-invariant part is given by 



0 

0 

0 

0 § 0 

0 § 

1 § 1 

1 § 19 § 1 

1 § 149 

0 

0 § 0 

0 § 


0 

0 


0 


0 


0 


0 

0 


0 

§ 0 
149 § 1 
§ 0 
0 


0 

0 § 0 

0 § 0 § 0 

0 § 0 § 0 § 

1 § 976 § 3951 § 976 § 1 . 

0 § 0 § 0 § 0 

0 § 0 § 0 

0 § 0 

0 


Example 9. We continue the study of the case W = xfxs + X 3 X 1 Tx® of degree 18 and weights 
4, 3, and 2. There are four values for which the hypersurface {(xq + = 0} is nonempty. 

These are the fourth roots of unity. 

For A = 1, we examine the hypersurface defined by the restriction of Xq + VE to the linear 
sub-space defined by xi, X2, and X3. This is the curve {xq = 0, xfxs + X3X1 + x® = 0} fixed by 
a. A closer study, using the standard genus formulaewithin weighted projective spaces or the 
computation of primitive cohomology via the Milnor ring, shows that this curve has genus 
3. The contribution to h^* is precisely 1 in bi-degrees (0,0) and (1,1) and 3 in bi-degrees 
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( 1 , 0 ) and ( 0 , 1 ) (note that the age of is ^ and that this can be ignored because of the 

overaii shift ( 5 ) in the definition of Hp*). 

For A = —1, we examine the hypersurface {{xq + W )= 0} moduio a defined by the 
restriction of Xq + VF to the iinear subspace fixed by ciA which acts by muitipiication by 
1,1, — 1, and 1 on xo, xi, X2, and X3. This is the curve {x2 = 0, Xq + x^X3 + X3X1 = 0}; whose 
coarse space is a (rationai) doubie cover of P(4, 2). The contribution to cohomoiogy is 1 in 
both bi-degrees ( 0 , 0 ) and ( 1 , 1 ). 

For A = i, we notice that crA acts as ^(3,0,3, 2) and that Xq + W vanishes identicaiiy on 
the fixed space. The age of Tp^/o-] is 2 — ^ = | by a straightforward application of Remark^ 
This is the age of the vector bundle tangent to [P(|, tci,..., Wn)/o'] minus the age of the line 
bundle normal to [Sw/o']. The latter is linearized by a character of weight deg(xo + W) = 18 
(the reader may hnd a detailed analysis in [131 §5, Lem. 22]). The contribution to hp* is 1 in 
bi-degree ( 1 , 1 ). 

The analysis of the case A = —i is completely analogous, itA acts as |(1,0, 1 , 2 ) and that 
Xq + W vanishes identically on the fixed space. The age is 1 — ^ ^ (by the same argument 

as above). The contribution to hp* is 1 in bi-degree (0,0). 

We represent the Hodge diamond of which is the usual K3 surface Hodge 

diamond, and — within it, after the usual ^-shift on both bi-degrees — that of Hp* 

1 

0 I 0 

1 § 20 § 1 . 

0 § 0 

1 

The mirror construction we are just about to state will show why this Hodge diamond is 
stable with respect to a right-angle rotation: this Calabi-Yau Sw, and the V 2 -Calabi--Yau 
Xw are self-mirrors. We illustrate this in Example [ 2 TJ We record again the u-invariant and 
anti-invariant part, in view of Example (H we get 

1 

0 § 0 

0 § 10 § 0 

0 I 0 

1 

and 

0 

0 § 0 

1 § 10 § 1 . 

0 § 0 

0 

Remark 10. In [1], the authors resolve the coarse space of Spv and study the fixed locus 
the involution induced by a on the resolution Zw The fixed locus consists of 3 

connected components, smooth curves of genus 3, 0 and 0 whose Hodge diamond matches 
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c 



Figure 1. The fixed locus its resolution Z” and the Y 2 -Calabi variety Xw defined 
by IT = x\x3 + xlxi + X 2 - 


that oi H*’*{Xw;C): 


(9) 



I 


We relate Xw to this picture. Let us consider the image via the forgetful map p. This 
locus, fully studied in [U Exa. 5.3], is the union of the two curves of genus 3 and 0: we have 
C = {xo = 0, x\x^ + X 3 X 1 + X 3 = 0} and the rational curve R = {x 2 = 0, Xq + xfxs + XgXi = 0} 
meeting at four -singularities and at a single As-singularity of co-ordinates (0 : 1 : 0 : 0 ). 
Notice that we have exactly m -|- 1 points lying in the fibre of p : Xw —)■ T^w over an A^- 
singularity. The resolutions of these simple singularities yields chains of curves of the same 
length as their singularity index. It is now easy to detect the fixed locus by knowing that C 
and R are fixed and the chains contain alternatively fi-fixed subcurves and moving subcurves, 
where a is given by cr: z —z. These moving rational curves are those which share 

a point with C or R. Only the chain over the ^ds-singularity yields a new fixed component 
(see Figured]). The fixed locus is CU S 2 and its Hodge diamond is the diamond Q given 
above. 


3.6. Group actions: definition of Sw.g and Xw,G' The automorphisms of {W = 0} 
which we consider in this paper are all acting diagonally; we write 

Aut^*"® = {(oi, ...,an)eGm\ IF(aiXi, .. .,anXn) = W{x) Vx} 
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or simply Autiy omitting the upper index “diag” as we almost always do. 

The group Autry is finite, an immediate consequence of M being invertible. We will 
therefore use the notation ■ ■ ■ ,Pn) for its elements. The role of the grading element of 

W 

Jw ■= ■ ■ ■,Wn) € Autw 


is special. We also set 

SLry := Autry hi SL(n; C). 

The 1 / 2 -CY condition implies that Jry ^ SLry and G SLry. 
We consider group actions G C SLry containing 

G G C SLry, 


which may be regarded as defining an action on ... ,Wn) which preserves the form 

dxQ A dxi A • • • A dxn- Since this weighted projective space is also dehned via an action (of 
Gm) let us specify that we refer to the action of 

GG™ = {Ai,«iA"'i,...,a„A“'") | G G, A G 

on \ 0 . Notice that GGm preserves the hypersurface dehned by Xq + W = 0. More 

explicitly, we look at the quotient stack 


^w,G •— [{^0 + kL — 0}c>i+i\o/GGm] 


which, by the condition G C SLry will be referred to as a Calabi-Yau orbifold. This stack 
coincides with the quotient of Sry from the previous section modulo the faithful action of the 
group GC^/C^ which can be easily shown to coincide with G/(J^). We refer to Romagny 
m and more precisely to his Remark 2.4 for a clear treatment of actions on stacks. 

As before, we consider the involution a = ^(1,0, 0,... , 0) of Sry,G and we analyse the 
(T-hxed locus by dehning 

Xw,G ■= |_| ^w,G^ 

'yGo'GGrn 


with 


Y'y _ 

^W,G — 


|x G \ 0 I {xl + Wixi,.. 


Xn))^ — 0| /GGm 


where is the vector space spanned by the co-ordinates xj which are hxed by 7 (i.e. 
7*Xj = Xj). Again (^Xq + W)^ denotes the restriction of the polynomial Xq + W to C"'^'. 

Clearly each term of the union is the quotient of [(C"^ \0)/Gm] by the finite group G/(J^). 

The quotient stack modding out the involution a and the image via the morphism forgetting 
A G Gm yields the branch locus of the stack-theoretic quotient 


^W,G -^ ['^W,gIo]. 

We refer to Xw,G is a V 2 -Calabi-Yau because, just as it happens for Spy, we will provide a 
geometric mirror for it. Notice that the pullback of yields a coherent locally free 

sheaf on [Xw,g/o'] and — by construction — a connected component labelled by 7 G aGGm 
corresponds to a finite order representation of the fibre of each point. The age a( 7 ) 

only depends on the connected component and ultimately on 7 . We consider the cohomology 
group 

( 10 ) HI’^{Xw,g-X) ■■= 0 
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where (^) denotes an overall shift {p,q) {p — ^,q — Exactly as before, we have the 
following result on the gradings. 

Proposition 11 . The bi-gradings of Ha* of the a-invariant Hp* {Xw,g]^)+ 

of the a-anti-invariant Hp*{Xw,G\C)- all take values inhxZ. Furthermore, we have 

Hp^iXw,G-,C)+ = 

□ 


4. Mirrors of V2-Calabi~Yau 

In its standard version Berglund-Hiibsch mirror symmetry produces a dual polynomial and 
a dual group of symmetry G out of a polynomial W defined by an invertible matrix and a 
group G satisfying the standard BH duality setup Jw & G C SL^v • 

Here, since Jw is not in SLw, the group G cannot satisfy these two conditions. However, the 
correct generalization amounts essentially to intersect the standard Berglund-Hiibsch duality 
with SL(n;C). We get W* and G* satisfying the following mirror symmetry relations: 

(i) the usual right-angle rotation relation between Xw,g and Xw*,g* at the level of the 
(T-invariant part (Hp*)^ and the cr-anti-invariant part (Hp*)-; 

(a) a right-angle rotation relation relating Tjw,g and T,w*,g* involving on one side the 
bi-graded cr-invariant part H'^^{T,w,g] C)+ C H^^{T,w,g', C) and on the other side the 
fj-anti-invariant part H^^{T,w*,g*]C)- ^ H^^{T,w*,g*]C)- 

This duality is clearly compatible with the standard mirror duality between and 

Tjw*,g*i but it is richer and, as a consequence, it can also be applied as follows. The identities 
{i-ii) above are combined to prove that two mirror pairs of 1 / 2 -Calabi-Yau {Wi, Gi), (IT*, G*), 
i = 1,2, yield, via products and diagonal quotients, an ordinary mirror pair of Calabi-Yau 

[Eu/i,Gi X EtV2,G2/('7l,0-2)] 

[5Iiy*,GI X Siy|,G^/(0'l,0-2)] ■ 

In this section, we provide a brief, explicit, self-contained treatment of the generalised 
Berglund-Hiibsch duality exchanging Y 2 -CYS, we state the mirror duality for 1 / 2 -CYs in 
Theorem 1171 fproven in 115.3p . and we prove that the standard mirror duality for the diagonal 
quotients above follows, see Corollary [22j 

4.1. Berglund-Hiibsch for 1 / 2 -Calabi—Yau. Let W be the polynomial attached to the 
matrix M = (niij) of 1 / 2 -CY type in the sense of ([5]). Let G be a group of determinant-1 
symmetries satisfying 

(11) £ G C SLw ■ 

Set 

( 12 ) 

i j 

the polynomial attached to the matrix It is of Y 2 -CY type because the sum of 

the weights w* divided by the degree d* is the sum of the entries of i.e. the sum of 

the entries of which is ^ since W is Y 2 -CY. 
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Remark 12. We recall that the Cartier duality H = Hom(i?; Gm) transforms the group Aut^/ 
into Autu/* via a canonical isomorphism l[6l I24jl 

Autu/ = Autw* ■ 

Then, to each group of diagonal symmetries of W of determinant 1 

i: G ^ SLiy, 

we attach a group of diagonal symmetries of W* of determinant 1 
(13) G* := ker ■ Autw* G[Jvk]^ ■ 

Remark 13. Here, i{Jw] is the Cartier dual of the inclusion of G[Jw] into Autw and, via 
Remark WA can be regarded as a homomorphism of Aut^y* into G\Jw]- 

Proposition 14. If the condition € G C SLvi/ is satisfied, then we have G G* C 
SLvi/*. Furthermore {G*)* = G, {J^)* = (T^*) = SL^, and if two groups Hi,H 2 

containing and included in SLiy satisfy Hi d H 2 , then H 2 d Hfi 

Proof Under the canonical identification of Remark fT^ imposing a character of Autiy* to 
vanish on J\y is equivalent to imposing the condition det = 1 within the group of diagonal 
symmetries of W*. Therefore, we have 

ker i[Jw] = ker( T) n SLvk* , 

which immediately shows that this modification of the Berglund-Hiibsch duality assigns to a 
group G a dual group in SL^*. 

The condition G G* is satisfied because ker( T ) contains Jw and ker( T ) n SLvk*, has 

index two in ker( T) as a consequence of the fact that hdi{i[Jw]) has index two in ker( T), 
which is the same as saying |G[Ju^]|/|G| = 2, which is another way to say that lies in G. 
The rest of the statement is obvious. □ 

Remark 15. We point out that the duality * matches the standard Berglund-Hiibsch duality 
{i.e. G'^ = ker( T)) when applied in the standard situation J\y £ G d SLrt/ . Indeed, in these 
cases the intersection with SLvk* can be ignored because ker( T) lies in SLpi/*- 

When we consider the automorphism group Aut(xQ + W) within GL(n;C) we can extend 
each diagonal morphism and each group of diagonal automorphisms G d Aut(lT) to Aut(xQ + 
W) in an obvious way, fixing the coordinate xq. This is what we mean in the following 
statement, when we regard G,G* d SL^i/ as subgroups of Aut(xQ + W) and Aut(xQ + W*) 
and we write Jw £ Aut(xQ + W) and Jw* £ Aut(xQ + W*). 

Proposition 16. In the above ^/ 2 -Calabi-Yau setup ([5]) and dm), the inclusion-reversion 
operation G ^ ker( Fg ) exchanges the following two diagrams 


G G*[a*,Jw*] 



G[a\ G[aJw\ G[Ju/] G*\Jw*\ G*\aJw*\ G*[(t*\ 



G[a, Jw] G* 

where all the arrows are injective homomorphisms. 
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Proof. Indeed, aJw and a*Jw* are the grading elements of Xq + W and Xq + W*. Therefore 
G[aJw] is dual to G*[a*Jw*]- This explains the bottom line and the upper line of the above 
transformations, whereas the inclusions are reversed due to Proposition [Ml Finally, G[(t] is 
a direct product of (a) and G (automorphism groups of summands involving disjoint sets of 
variables). Therefore, Berglund-Hiibsch duality yields the direct product of the dual of a 
within Aut(xQ), which is trivial, with the direct product of the standard Berglund-Hiibsch 
dual of G, which is G*[JwA- 


4.2. Mirror symmetry of 1 / 2 -Calabi—Yau models. This is the main theorem of the paper; 
we state it and defer the proof to the next section. 

Theorem 17. Let (IT, G) where W satisfies ([5]) and G satisfies G G C SLw- Then con¬ 
sider the dual pair (IT*, G*) and the respective geometric objects ^w,g, • 

In all degrees p and q we have 

(i) H§’\Xw,G;C)+^Hr^-P’\Xw^,G^;C)+ ; 

(ii) m’'^{Xw,G;C). ^ Hr^-P’'^{Xw*,G*;C). ; 

(Hi) ; 

(iv) i/g’«(Siy,G;C)_^F(5-'-^’^(SH/*,GGC)+ . 

Remark 18. All identities on all sides involve Z x Z-graded Hodge decompositions; therefore 
p and q may be assumed to be integers. 


Remark 19. The above theorem will be proven in SectionThe proof exploits an explicit bi¬ 
grading preserving isomorphism proven in m which allows to rephrase the above statements 
in term of a formal definition of the Landau-Ginzburg model. There, mirror symmetry holds 
via an explicit isomorphism introduced by Krawitz. Therefore, the above statement may be 
phrased by replacing “we have” by “there exist explicit isomorphisms.. 


Example 20. The cases examined in Example [8] fit in the above setup with G = (J^). We 
can verify that for n = 1,2,3,4,5 the polynomial VT* = IT = xf” + • • • + x^"' paired with 
G* = SLw yields the following Hodge diamonds for F1 P’'^(Swqlw; C), where we have included 
i^^•«(X^K.si;C)wi.hashiftof(l/2,l/2): 
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I I 1 
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1 
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00 

0 

0 

0 

0 

35 
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0 

0 

0 

1 0 

20 
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1 
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1 

0 1 

0 

00 

0 

0 

0 
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0 
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1 



0 

35 

0 



16 


1 








126 


0 y 976 lO] 0 

0 § 0 128261 0 § 

1 1 3952 1 1 . 

0 § 0 128261 0 § 0 

0 lol 976 lol 0 


0 126 0 


1 

In fact, it is immediate to see that SL^/ is isomorphic to 

Z/2nZ X ... X Z/2nZ 


n—1 


and that a basis is given for instance by 

^(l,0 ,..., 0 , 2 n-l),...,^( 0 , 0 ,...,l, 2 n-l). 
The IT-invariant part is now given by the following Hodge diamonds: 






1 




1 

0 

35 

0 


1 

0 00 0 

0 0 

149 

0 0 

1 

0 0 0 

0 0 19 0 0 

0 0 0 [ 

232 

] 0 0 


1 

0 00 0 

0 0 

149 
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1 

0 

35 
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1 



1 


0 126 0 


0 


976 


0 


0 § 0 128261 0 

0 0 0 0 3951 0 0 0 0, 

0 0 0 128261 0 0 0 

0 lol 976 lol 0 


0 126 0 


1 


while the u-anti-invariant part is given by 



0 

0 

0 0 0 

1 0 1 

10 10 1 

0 

0 0 0 


0 
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0 

0 0 0 
0 0 0 0 0 
0 10 10 1 
0 0 0 0 0 
0 0 0 
0 









0 


0 § 0 

0 § 0 § 0 

0 § 0 § 0 § 

1 § 1 § 1 § 1 § 1. 

0 § 0 § 0 § 0 

0 § 0 § 0 

0 § 0 

0 

Comparing with Example [HI we can note that the (^ + Z, ^ + Z)-graded is given by the 
(^ + Z, ^ + Z)-graded part of the mirror, rotated by a right angle, while the integer invariant 
and anti-invariant part are exchanged and rotated. 

Example 21. This completes the discussion of W = xfxs + x\xi -t-x® of degree 18 and weights 

4.3, and 2 (we refer to Examples [6| and [9] for the first part). The study of Xw and Sw fits 
in the present setup with G = (T^). Notice, however, that the polynomial W* is equal to W 
and that SLw coincides with (J^). Therefore the above theorem predicts the fact that the 
Hodge diamond appearing in Example [9| is stable with respect to right angle rotations. 

This symmetry is the result of the fact that the cr-invariant part and anti-invariant part 
coincide up to a right-angle rotation, and of the fact that the (^ -|- Z, | -|- Z)-graded part is 
itself symmetric. 

4.3. Mirror pairs of Calabi—Yau. Theorem 1171 implies the following result. 


Corollary 22. Let {Wi,Gi) and {W 2 -,G 2 ) he pairs where Wi and W 2 are polynomials in ni 
and n 2 variables satisfying ([5]) and we have J^. € Gi C SL^. for i = 1,2. We consider 
the mirror pairs {Wf,Gi) and {Wf,G 2 ) and all the geometric data, on one side T,Wi,Gi with 
its involution Uj, on the other side with its involution a*, for i = 1,2. Set the 

(ni + n 2 — 2)-dimensional Calabi-Yau orbifolds 


and 

Then, we have 


Zni+n2 = ['^Wi,Gi X 'Sf‘W2,G2/{^lW2)] 


S*^+n 2 = X Yw*,Gi/{(^1^2)] ■ 

uP^I /'v .(Pi ^ TTm+n2—2—p,q 

-"CR — ^CR \^n]_+n2^^)- 


Proof The stack is the quotient stack [U/G] where U is the locus within where 

(xq)^ -|- Wi and (xq)^ -|- W 2 vanish and G is the the group whose elements are of the form 


or of the form 




(-A-V .., a),A-i, -/x^, a?/,-?,..., ) 


where we have A,/x E Gm and £ Gi, tu* is the multi-weight of VE* and d* its degree, 
order to distinguish between the two type of symmetries above, we write 


In 


G = 

Chen-Ruan’s orbifold cohomology is a direct sum over each symmetry 7 of one of the above 
forms. (We can restrict to a finite number of elements essentially because the group action 
is proper and there exists only a finite number of symmetries fixing a co-ordinate among 
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Xq, xj;..., and a co-ordinate among Xg, xf ..., x^.) For every such symmetry 7 we write 
(71)72) separating the first n + 1 co-ordinates and the remaining m -|- 1 co-ordinates. Then, 
the contribution to Chen-Ruan’s cohomology in bi-degree (p, q) is a cohomology group 

+ IFi) X V{{xlf + Wi)/G) 

= X V{{xlf + /(Gi X G 2 )) /ia,,a2)) 

where (h, /c) G Z x Z satisfies 

{h,k) + (a(7i) -Fa(72 ),a( 7i) -ba(72)) = {p,q). 

Notice that (R((xq)^ -|- Wi) x 1 /((xq)^ -|- PFi)/(Gi x G 2)) equals the product of two projective 
varieties with finite group quotient singularities 

hi X R 2 = X {Viixlf + Wi)^JG2) ; 

so, the (h, /c)-graded cohomology decomposes as 

hi+h2=h 

k\+k2=k 

where each summand equals 

with Ff_|_ and H- denoting the involution-invariant and involution-anti-invariant subspaces of 
H. 

Summing up, (Sm+n;C) equals the direct sum of 

0 0 0 

•=*,^ 7= (71,72) /ii +/i2 =p-a(7i )-a(72) 

7GG, fci-|-fc2=(?—a(7i)—a(72) 

and 

© © © RhiM (y^;C)_ © F'^2,fc2 (V2;C)_ . 

•=*,7> 7=(7i,72) /ii+/i2=p-a(7i)-a(72) 

7GG, A:i-|-fc2=(?—a(7i)—a(72) 

The first term can be rewritten as 

0 0 0 0 

•=♦>7’ Pi +P2=P 7= (71,72) =Pi —a(7i) 

<?l+92—<? -fSC, /i2=P2—a(72) 

A:i=gi-a(7i) 

A:2=g2-a(72) 

where the J|k-summand yields 

0 i^wi,Gi;C)^ © (Su/2,g2;C)+ , 

Pl+P2=P 

qi+<} 2 =q 

whereas the ©-summand yields 

0 (Xw.i,Gi;C)+©Fr+^’®“^ {Xw2,g2-,c)+. 

Pl+P2=P 

qi+q 2 =q 
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Similarly, the second term yields the direct sum of 

P1+P2=P 

91+92=9 


and 


© « 

Pl+P2=P 

91+92=9 


{Xw„g,]C)_®hI^ {Xw,,G,\C)_. 


By Theorem [T7] applied to each term of the four formulae above we get 

0 (E„,.,g; ; C) _ ® (S„J,G5; C) _ , 

P1+P2=P 

91+92=9 

P1+P2=P 

91+92=9 

© «CR ‘ (5:»-r.oi; c) _ ® -ffS® (J^iRi.o;; C) _, 

Pl+P2=P 

91+92=9 

Pl+P2=P 

91+92=9 

which add up to 


□ 


Remark 23. Part of the above proof is just a check of Kiinneth formula for Chen-Ruan 
cohomology, which can be found in [2S] in a more general setup. We provide an explicit 
treatment because the present situation requires a slightly more detailed treatment of invariant 
and anti-invariant cohomology. This, however, can possibly phrased more directly using |25j . 


5. Landau-Ginzburg models 

In terms of Landau-Ginzburg models the four statements of Theorem [T3 assemble into 
a single one, which is part of the theory of mirror maps of Landau-Ginzburg state spaces 
developed by Kreuzer [28] . Krawitz m and Borisov m- 

We review the dehnitions of the state spaces. Then, we state the relevant version of 
the Landau-Ginzburg mirror symmetry theorem and we state the hrst author’s Landau- 
Ginzburg/Calabi-Yau correspondence proved with Ruan in [13] . Finally, we prove theorem 
fTTlbv relying on these two tools: we hrst detail a special case of the Landau-Ginzburg mirror 
symmetry theorem, which — via the LG/CY correspondence — decomposes into the four 
statements of Theorem [HI 

5.1. State spaces. For any degree d quasihomogeneous nondegenerate polynomial W in 
the variables xi,... ,Xr of weights wi,... ,Wr (regardless of any condition on the sum of the 
weights such as ([5]) or even any invertibility condition on the dehning matrix), we consider 
the (full) state space of the Landau-Ginzburg W: —>■ C 

:= 0 Jac(W,), 

ggAut(rV) 
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where each summand is given by the Jacobi ring 


Jac(VF3) 


I j € Fg]/{djWg \j€Fg 


A 




dxj 


(see ^2.21 for Fg, Wg). Within 7i{W), the notation [g,(p] specifies an element in the image of 
ig: Jac(Wg) ^ n{W) 

[g,(j)]e3ac{Wg)^n{W). 

The bi-grading {p, q) is dehned for each monomial term OjeFg f\jeFg 


(14) {p, q) = {#Fg - deg + a( 5 r), deg + a{g)) , 

where 

deg AjsFg dxi) = ^ ^{aj + 1)^;^. 

j 

In this paper, we regard Ti as a bigraded vector space and we never use its ring structures 
{e.g. [2I])- Any diagonal symmetry ^{pi,... ,pr) G Aut(IT) acts on the line spanned by 
rijeFg ^j^Fg dxi as the character 

^ + i)Pj) , 

(a ^£)-character with notation (l3|)). Notice that the action of the element J\y which we have 
referred to as the “grading element” is actually given by its grading: the character deg. 

This space is also referred to as “unprojected” state space in the literature (see [2Zj)- This 
is because it can be decomposed and projected onto several sub-spaces playing an important 
role in the theory of Landau-Ginzburg models. We provide a rather general tool to identify 
all the sub-spaces relevant in this paper. We use S and K, both subgroups of Aut(W); S 
plays the usual role of a group of symmetries of C” preserving W, whereas K plays the role of 
a group selecting the right iT-invariant forms (it kills the non-invariant ones). For any group 
of symmetry S C Aut(IT) let us introduce 

n*/{W) = ^3a<:{Wg). 

gGS 

Furthermore for any group K C Aut(VF) we can extract the AT-invariant part 

= 0 Jac(IT3)^. 

ggAut(iy) 

We can clearly combine the two constructions and get T-Cg*(W)^. In the special case where 
S = K, we recover the Fan-Jarvis-Ruan state of a Landau-Ginzburg model W: [C^’/S'] —>■ C; 
here we only need the following case where W is a polynomial whose degree d equals the sum 
of the weights: we have 

for any group of symmetries G. (The definition of FJR state space is usually stated more 
generally for any W, but the overall shift (1) should be replaced by the sum of the weights 
divided by the degree.) 
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5.2. LG mirror symmetry and LG/CY correspondence. We now consider invertible 
Landau-Ginzburg potential as in (j4]). We still avoid imposing any condition on the sum of 
weights and the degree such as ([5]) . 

Let W and W* be two non-degenerate Landau-Ginzburg potentials in r variables whose 
exponent matrix are the invertible matrix M = {mij) and its transposed M"*". Following the 
notation [3l the columns of M~^ = are generators of Aut(iy) and the lines of M~^ are 

generators of Aut(iy*). 

The following theorem is proven in various versions in [2811271 111] . We follow [28] and m, 
there to each monomial we attach a diagonal symmetry as follows 

7: OjgFg • • •) 

where are the coefficients of the inverse of the exponent matrix of W (refer to notation 
([3])). The right hand side lies in Aut(lT*) because the lines of the inverse matrix M span 
Aut(VF*). With a slight abuse of notation identifying the form OjgFg 
monomial OjGFg we can apply 7 to each summand of 77(1T); 

7: Jac(Wg) ^ Aut(lT). 

Remark 24. In particular, 7 provides an equivalent interpretation of the standard Berglund- 
Hiibsch dual group ker Aut(IT*) attached to any ic'- G ^ Aut(VF). We have 

ker Aut(VF*) —)■ G^ = 7({G-invariant monomials}), 

where the right hand side is actually Krawitz’s original formalization of the standard Berglund- 
Hiibsch duality. To the best of our knowledge, this was the first precise formalization given 
to Berglund-Hiibsch duality. 

The following theorem is Krawitz’s main result in [27]. As we mentioned above, closely 
related statement can be found in [28| and m- 

Theorem 25 (Krawitz). We have an isomorphism 

T: nP’'^{W) 

The isomorphism attaehes to each element of the form 

a unique element of the form [7(1;/)), T E Jac(VF.),((^)) fl 'y~^{h})]. □ 

Remark 26. Although we do have a weight 1/2 appearing in Xq -|- IT, Krawitz’s proof does 
apply because the restriction to weights < 1/2 is needed only in the chain case (and in our 
case, Xq is Fermat). 

Corollary 27. For any i'. Gi ^ Aut(IT), j : Hi ^ Aut(IT), consider the dual groups via the 
standard Berglund-Hiibsch duality G 2 = ker(T: Aut(IT*) — Gi) and H 2 = ker(j: Aut(IT*) —>■ 
Hi). Then, F yields an isomorphism 

Proof. We only need to show that the image of H.Hi{W)^^ via F is contained in Hg 2 {^)^^■ 
Then, the same claim holds in the opposite sense and we conclude by Theorem 1251 

Given [h,(j)] E we need to prove that the image [7((/),r] lies in Hg 2 {W)^^■ 

First, 7(1/)) lies in G2, because, by Remark [23] we have 7(Jac(IT/i)) C G2. Second, the form 
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T is i?2-iiivariant. Indeed this amounts to proving that T is invariant with respect to any 
symmetry of the form 7(M) for any iifi-invariant monomial M. The last claim is equivalent 
to showing that 7(T) fixes any /fi-invariant monomial M; this is the case because we have 
7(T) = h and h G Hi. □ 

We finally recall the state space isomorphism establishing the Landau-Ginzburg/Calabi- 
Yau correspondence. Although in this paper we only apply this theorem to invertible poly¬ 
nomials, we do not need any invertibility condition on the polynomial. On the other hand, 
we require that all groups of symmetries involved in the statement contain Jiy. 

Theorem 28 (Chiodo-Ruan [13ji. Let W he any non-degenerate polynomial of weights 
wi,... ,Wr and degree d = wi Wr (Calabi-Yau condition). Let S and J be two groups 

of diagonal symmetries containing Jw- Then, for any p and q, we have 

Hlg{[{W = 0}cr/Gm].S,K-C) - 

and in particular we have 

^cr([{^ = 0}cV5G™];C) - 

for any p and g € Q, where the isomorphism is compatible with any finite-order diagonal 
symmetry acting on L7 and preserving W. □ 

Remark 29. A straightforward consequence of the two theorems above is the standard Berglund- 
Hiibsch mirror symmetry for Calabi-Yau. In the same conditions as in Theorem [25] we restrict 
to the case K = S. Then, for K' = ker(T: Aut(IT*) —> K), we have 

which, via Theorem [28| is the standard Berglund-Hiibsch mirror duality for Calabi-Yau orb- 
ifolds. 

5.3. Proof of the main theorem. Here W is an invertible polynomial satisfying the 1/2- 
Calabi-Yau condition ([5]) and G contains and lies in SLw as in ([TT]) . We regard G as a 
subgroup of Aut(xQ + IT); the grading element of 

V :=xl + W 

is Jv = (jJw where Jw is regarded as an element of Aut(T) fixing xq. 

Our proof derives from applying Krawitz’s mirror symmetry to a single state space; namely, 
we consider 

which, in the course of the proof we simply denote by H. First, we point out that it decomposes 
as 

TL = [H]g © [H]aG © [TL]jyvG © [TL]jyG, 
where we adopt the following notation 

[«Il := © Jac for L = G, aG, JwG, JyG, 

g&L 

and for the intersection [H]l © 
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Lemma 30. The state space TL decomposes into a Z x "L-graded part, 

(15) [Hjc © [HljyG 
and a(^ + Z)x(l + Tj)- graded part 

(16) [T-L]aG © 

Proof. We notice the following property of any form in their degree mod Z 

coincides with a,{g) mod Z, which equals ^ mod Z if o' lies in aG or J\yG and is 0 mod Z if 
lies in G or JyG. □ 

There is another presentation of the state space PL = PLG[a,Jw]i^)^'^'^^^^ which is made 
explicit in the following lemma. 


Lemma 31. There is an explicit isomorphism which preserves the bi-degree 

Proof. We can decompose the right-hand side in the following way: 

'HG[Jy]iVf = ^:i^ciVgf® 0 JaciVgf, 
g(zG gSJyG 

where each factor further decomposes into a space of Jy-invariant forms and a space of Jy-anti- 
invariant forms. Notice that the two subspaces of Jy-anti-invariant forms can be identified 
to [PL]aG and [PL]Jy^,G respectively. The identification to [PL]aG is defined for instance in the 
following way: 


n ' A 


n ^7 A 

j&Fh j&Fh 


j&Fh jeFh 


One can check that it is well-defined and that it preserves the bi-degree. The identification 
to [PL]Jy^,G is defined in an analogous way. □ 

The following lemma relates Pi to the mirror space 
determined by G*, W*, and V* = Xq + W*. 


Lemma 32. There is an isomorphism [PL]^’'^ = [PL*]'^ and, more precisely. 


m^G = 




IJyG 

]Tr 

j Jw^ 


-k-\n—p,q 
G* ’ 


1 ^Jvf/G 1 


Proof. Proposition [TB] specifies the Cartier dual of each group involved. It allows us to apply 
explicitly the mirror duality of Corollary [271 which yields 

Lemma 1311 allows us to identify the right hand side with PL*; in this way we finally get 


[n]P’'i = [H 


*]n-p,q 


as a result of Krawitz’s mirror map T and the isomorphism of Lemma (371 which we will call <!>. 
Since the bi-degree transformation preserves Z x Z, the expression (|15l) lands on the analogous 
expression for W* and G*; we notice that on this expression, the isomorphism is simply 
the identity. The same goes for (flbl) because the gradings (^ + Z) x (^ + Z) are preserved. 
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We can match up the summands of (I15h and (I16h using the following simple observations. 
The isomorphism is the composition of the mirror map T and of <1>. On the term (I15p . the map 
r transforms cr-invariant forms into cr-anti-invariant forms and is the identity; we deduce 
that the two summands of (jl5p are exchanged. On the term (I16p . transforms cj-invariant 
forms into cj-anti-invariant forms; so, ultimately, ‘h o T transforms cr-invariant forms into cr- 
invariant forms; we deduce that the two summands of (IlSp are preserved and this completes 
the proof. □ 

Proof of Theorem [13 We recall that Jy is the grading element oiV = Xq + W and we apply 
the Landau-Ginzburg/CalabOYau correspondence to PL] we get 

hI’1{[{xI + w}/g^IG[tJwIG[Jv]) = 

where the left hand side is, by definition, isomorphic to 

C) © (Wuc,g; C). 

Hence, considering the cr-invariant and anti-invariant parts, we get 

hI-"^'^-"^Xw,g-X)- = [nrjlG- 

Now, Lemma [32] and the four above equations yield the claim. □ 

Appendix 

In this appendix we briefly recall the main invariants involved in Borcea-Voisin threefolds 
and mirror symmetry of lattice polarized K3 surfaces. 

K3 surfaces with anti-symplectic involution. A pair (S, cr) formed by a K3 surface S 
and an anti-symplectic involution cr: S ^ S may be regarded as a lattice polarised K3 surface; 
the polarisation is given by the cr-invariant lattice M = within 

Nikulin |32] showed that the lattices obtained in this way are 2-elementary, their discrimi¬ 
nant group /M is isomorphic to {fLjTY ^ some a. Two-elementary lattices are classified 
up to isometry by three invariants: the rank of the lattice r, the rank a of /M over Z/2, 
and 6 € {0,1}, vanishing if and only if € Z for all x G /M. All the possible 79 invari¬ 
ants (r, a, 5) of the lattices M arising from K3 surfaces with anti-symplectic involution are 
pictured here below 
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where a dot, resp. a circle, in position (r, a) indicates the existence of a K3 with involution 
whose invariants are (r, a, 1), resp. (r, a, 0). 

Notice that the twelve cases satisfying r + a = 22 or (r, a, <5) = (14,6,0) are special. They 
are precisely the cases we need to take off for the figure to possesses a symmetry with respect 
to the vertical axis r = 10. The explanation is mirror symmetry of lattice polarised K3 
surfaces. 


Lattice mirror symmetry. The K3 lattice is isomorphic to A = 17®^ 

For any even non-degenerate lattice M of signature (1, p—1), 1 < p < 19, admitting a primitive 
embedding M A, Dolgachev constructs a coarse moduli space Km of M-polarized K3 
surfaces, i.e. pairs (5, j) where 5 is a K3 surface and j: M ^ Pic(S') is a primitive lattice 
embedding. 

The mirror symmetry of lattice polarised K3 requires preliminary condition: we assume 
that M has a perpendicular lattice M® within A satisfying 

(17) 

Then we refer to M’ as the mirror lattice and we notice that (M')® is isomorphic to C/ © M 
(hence [M')' = M). The moduli space Km' will be referred to as the mirror moduli space of 
Km- 

Voisin [36] proved that the 2-elementary lattices M = which are not among 

the twelve special cases (r + a = 22 or {r,a,6) = (14,6,0)) mentioned above are exactly 
those which satisfy the preliminary condition (|17p . For such lattices, the mirror lattice M' 
has invariants (20 — r,a,6). This explains the symmetry appearing within the picture given 
above. 

Two lattice polarised K3 surfaces form a mirror pair if they are represented by two points 
lying in two mirror spaces Km, Km' for some 2-elementary lattice M with r + a 7^ 22 and 
(r,a,(5) / (14,6,0). 


The (T-fixed locus. Because a is anti-symplectic its fixed locus X is a disjoint union of N 
smooth curves of genera pi,.. .qn- Its description is largely due to Nikulin [32]. The total 
genus is N' = have 


N = 



N' = 


r + a 
2 


+ llj 


except when (r, a, <5) = (10,10,0) where the fixed locus is empty, i.e. N = 0 and N' = 0. And 
mirror symmetry yields a symmetry along the axis N = N' interchanging N with N'. We 
drew the Waxis and the W-axis in the above picture. 

The invariants N and N' equal respectively and of X^. It turns out that the fixed 
locus contains at most a single component of genus p > 0 except from the case (r, a, <5) = 
(10,8,0) where the fixed locus is the union of two elliptic curves. Therefore, in all remaining 
cases there are — 1 rational curves and one curve of genus N' (possibly vanishing as it 
happens when r + a = 22). 

The Berglund-Hiibsch construction identifies K3 surfaces with anti-symplectic involution. 
They are desingularisations of the various quotients {/ = 0}/G with /(xq, ici, X2, X3) = Xg + 
IF(xi,X 2,X3) with W satisfying the y2-Calabi~Yau condition and G a group of diagonal 
symmetries of determinant one. The Berglund-Hiibsch mirror is the quotient {f = 0}/G' 
induced by transposition and Cartier duality. This yields a large number of cases to study; the 
embedding into non-Gorenstein weighted projective spaces often complicates the resolution of 
singularities. Artebani, Boissiere and Sarti [T] compute the corresponding invariants (r, a, <5) 
in all possible cases. Out of the 79 Nikulin’s possible triples (r, a, 6) only 29 possible triples 
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(r, a, 6) arise as lattice invariants of all Berglund-Hiibsch mirror pairs. We notice that neither 
the twelve special triples without mirror, nor the single case with empty cr-fixed locus, nor the 
single case with cr-fixed locus given by two elliptic curves ever occur among these 29 cases. 
Furthermore, if the invariant attached to {/ = 0}/G equals (r, a, 6), then the invariant of the 
Berglund-Hiibsch mirror {/' = 0}/G' equals (20 — r,a,6). This proves the compatibility of 
Berglund-Hiibsch construction with the lattice mirror symmetry of polarized K3 surfaces. 

It is easy to see that N = and N' = C) when n = 2. The fact 

that N and N' are exchanged, or equivalently the fact that (r, a) mirrors (20 — r,a), can be 
then deduced from Theorem [m 
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